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In order to solve time-periodic problems in computation fluid dynamics, typically the
characteristic time is iterated over multiple times to drive out transients. This can lead to
a large number of steps to achieve a well-converged solution. Parallel-in-time methods excel
in cases like these problems characterized by time periodicity and provide a speedup over
time-sequential codes. In particular, time-parallel methods using multigrid only need to solve
a single characteristic time due to the iterative nature of the method. In this study, we apply
space-time multigrid with adaptivity to solve time-periodic problems. To verify and validate
the implementation, Stokes second problem is solved in time-parallel and compared to the
time-sequential solutions. A strong scaling test demonstrates that this time-parallel method is
able to achieve speedups of 13× over the time-sequential algorithm without loss of accuracy.

I. Introduction
Currently, computational fluid dynamics (CFD) algorithms are predominately parallelized in space. Figure 1a
illustrates that the spatial domain is decomposed for parallelization but the time stepping is sequential. Spatial
parallelism provides good parallel scaling only when the number of spatial mesh points per core is large. However,
the parallel efficiency reaches a plateau when spatial parallelism saturates. Additional cores can be applied to the
parallelization of time stepping to further speed up calculations. Figure 1b shows the parallelization in both space and
time. Parallel-in-time (PinT) methods open a new direction for adapting CFD methods to computer architectures where
the number of parallel processing units becomes extremely large. Many CFD applications in engineering that take large
numbers of time steps can potentially benefit significantly from PinT methods, such as turbomachinery, wind turbines,
or reciprocating engines. To harvest parallelism in both space and time, we will develop new space-time parallel CFD
methods.
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Parallelization strategy for a time-sequential algorithm and a time-parallel algorithm.

The present study is primarily focused on applying the new adaptive parallel-in-time framework [1, 2] to solve a time
periodic problem and demonstrate the improvement of solution wall-times over sequential time stepping. Parallel-in-time
methods allow significant speedups for time-periodic problems since the multigrid reduction-in-time (MGRIT) method
only needs to solve for a single characteristic time interval. Classical time-sequential methods typically need to solve
5-10 periods to drive out transients. Based on the PinT multigrid capabilities of XBraid [3], the framework is further
enhanced with the space-time adaptivity using structured adaptive mesh refinement (SAMR). The CFD application is
performed by Chord [4–8], a fourth-order accurate finite-volume method for solving the compressible Navier-Stokes
equations with Reynolds-averaged Navier-Stokes (RANS), large eddy simulation (LES), or direct numerical simulation
(DNS) approaches for turbulence at high Reynolds-number. If reacting flows are of interest, Chord is capable of
combustion modeling with detailed chemical kinetics. Chord is based on the Chombo parallel AMR library [9] and uses
a mapped-grid approach to perform SAMR on complex engineering geometries. Advantages of XBraid are that it is
non-intrusive and designed to use existing implementations of time-integration methods. Many CFD codes take decades
to develop, validate, and mature, thus the use of XBraid avoids any major overhaul of the validated application codes.
The remainder of this study is organized as follows. Section II provides brief background information on the PinT
methods used by focusing on the mathematical formulation of the system. The adaptations needed to support solving
time-periodic problems with PinT methods are discussed in Section III. In Section IV, we present the results of applying
the adaptive PinT method to a time-periodic Stokes flow problem. Lastly, Section V makes concluding remarks and
provides several directions for future work.

II. Overview of the PinT Method
The software elements supporting the adaptive PinT infrastructure include XBraid, Chord, and Chombo. Each is a
well established open source code or library. Ample literature is available for XBraid [10–13], Chombo [14–17], and
Chord [5, 7, 8, 18]. Furthermore, the complete adaptive PinT infrastructure is described in our recent work [2]. For
conciseness, the detailed knowledge of these elements along with the adaptive PinT infrastructure are not presented
here and interested readers are referred to the literature mentioned above. Instead, we briefly review the underlying
mathematical formulation of the PinT method to provide the readers with the essential background and motivation.
The central concept of XBraid [3] is the MGRIT method, which is used to enable time parallelization. MGRIT
defines a temporal mesh of time points t i = iδt with i = 0, . . . , Nt , time step size of δt = T/Nt , final time T, total number
of time points Nt , and the solution state Ui ≈ U(t i ). In addition to the uniform temporal mesh described, non-uniform
temporal meshes are possible with XBraid. Given a one-step time integration method Φi , the time discretization method
can be represented as,
U0 = g0, Ui = Φi (Ui−1 ) + gi , i = 1, 2, . . . , Nt .
(1)
where gi are solution-independent terms. This can be represented (in the linear setting only, for simplicity) with the
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A forward block solve of this system corresponds to sequential time integration. While a forward solve is optimal and
O(N), it is serial. Applying a multigrid method allows a concurrent solve that is also O(N).
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Fig. 2 A two-level time grid composed of F-points in black and C-points in red. The composition of C-points
and F-points form the fine time grid while, the C-points form the coarse time grid.
With MGRIT, the temporal domain specified above is coarsened by a factor m into a hierarchy of temporal grids.
Each grid is partitioned into F-points, which exist only on the fine time grid, and C-points, which exist on both the fine
time grid and the next coarser time grid. A two level hierarchy is shown in Figure 2, where the fine grid is the composite
of F-points (in black) and C-points (in red), and the coarse grid is just the C-points. Restriction and prolongation are
simply injection at the C-points. F-relaxation applies the time propagator to the F-points in parallel while C-relaxation
propagates the solution to the C-points in parallel. F-relaxation is shown in Figure 3a which performs the applications
of Φ starting at T 0 concurrently with the applications of Φ starting at T 1 . Shown in Figure 3b is C-relaxation which
completes the application of Φ to the C-points. Like with F-relaxation, the application of Φ to points T 1 and T 2 are
completed simultaneously. Successive applications of F-relaxation and C-relaxation, called FCF-relaxation, make up the
relaxation strategy for MGRIT. The time propagator used in this study is the standard explicit fourth-order Runge-Kutta
(RK4) method.
Φ Φ Φ
T0

Φ Φ Φ
T1

Φ
T2

T0

(a) F-relaxation is the parallelized application of Φ, the
time integration operator, to each of the F-points.

Fig. 3

T1

Φ
T2

(b) C-relaxation is the parallelized application of Φ, the
time integration operator, to each of the C-points.

Relaxation methodology of F- and C-relaxations.

The space-time adaptivity in the PinT algorithm is implemented with SAMR. The process of creating the adaptive
space-time meshes is illustrated by Figure 4. Essentially, an initial uniform coarse space-time mesh is generated from
input parameters. A PinT solve on this coarse mesh tags space-time intervals for refinement and a new refined space-time
mesh is generated. The refined temporal mesh is passed to the MGRIT algorithm so that a new temporal grid in the
MGRIT hierarchy may be created. All coarser grid information is carried over to the new fine space-time mesh in order
to satisfy AMR requirements.
In addition, we note that the solution-adaptive nature of the SAMR method used here allows for dynamic refining
and coarsening processes in space and time according to the physics-based criteria. Although the coarsening process
is not demonstrated for the Stokes problem herein, we will demonstrate the full capability for CFD problems with
multiphysics (such as a convection-diffusion-reaction case) in a follow-up study.
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(a) Finer multigrid time grids are created by refinement in an FMG cycle
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(b) After each space-time refinement, the coarser time grids are created by coarsening from the new
finest time grid with a fixed coarsening factor.

(c) Spatial mesh at time grid 0

(d) Spatial mesh at time grid 1

(e) Spatial mesh at time grid 2

Fig. 4 (a) More refined time grids are created in an FMG cycle. (b)-(d) Each time point has a corresponding
hierarchy of AMR meshes. An example spatial mesh is shown for time point t 4 at each level in the time grid.

III. The Multigrid Configuration for Time-Periodicity
To implement time-periodicity, the matrix solved by MGRIT (Equation (2)) is modified so that the first and last
points are treated as the same point,
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This modification requires that the periodic time point be aligned for all coarser temporal levels, as shown in Figure 5a
on a linear mesh or more suggestively in Figure 5b on a circular mesh. In order to meet this condition, the number
of time points on the finest temporal grid must be a multiple of the coarsening ratios. The total coarsening factor is
computed by
n=

L
Ö

m` ,

(4)

`

for the coarsening factor m on level ` out of L total levels. Therefore, the total number fine time points, Nt , must be
some multiple of n. If the total number of fine time points does not meet this criteria after user-specified refinement,
extra time points are added to the fine time grid until this condition is met. If additional time points are added, they are
distributed evenly across the temporal domain so that no global communication requirements are imposed.
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Modification to the temporal grid so that the final time point is a periodic time point.

As with non-periodic cases, a time domain is specified on [t 0, t Nt ] with Nt number of time steps. Special consideration
is given to the final time interval from i = Nt − 1 to i = Nt . Since the last time point i = Nt is treated as the same time
point as the first time point (Equation (3) or as shown in Figure 5b for Nt = 8), it is assigned the same time value as the
initial time point. To provide a consistent interface to applications, the time step from i = Nt − 1 to the periodic time
point is treated as follows. The user application is presented with a time step from i = Nt − 1 to i = Nt and the usual ∆t
step size. After the user application has stepped to i = Nt , the solution of i = Nt is copied to i = 0 and the time value is
reset to that of t 0 . This initial point is then treated as any other C-point in the multigrid hierarchy. That is, it undergoes
prolongation and restriction and receives coarse grid corrections.
In a non-periodic time-parallel case, the initial condition of the first time point is treated the same as the initial
condition of time-sequential cases. Additional initial conditions at the remaining C-points can be specified [10] or
be assigned a randomly generated solution. In our coupled MGRIT-AMR algorithm, the FMG process adaptively
creates levels from a single coarse space-time grid (see Christopher et al. [2] for more discussion on this process).
When MGRIT has a single temporal level, only a single C-point at the initial time point is created. This means that
our coupled MGRIT-AMR algorithm requires only a single initial condition, located at the initial time point. With
time-periodic cases, no initial conditions are required and the initial condition may simply be a random solution.
However, specifying an initial condition similar to the final solution can help reduce the number of MGRIT iterations
required for convergence.

IV. Results
Stokes second problem is used to demonstrate the capability of the adaptive space-time algorithm for solving
problems with periodicity in time. A diagram of the computational domain is shown in Figure 6. An infinitely long flat,
no-slip wall at y = 0 is periodically oscillating with a harmonic motion in the x-direction. A slip wall is located at
y = h. The harmonic oscillations are proscribed by the function
u(0, t) = U0 cos (ωt) ,

(5)

where U0 = Re ν/h with Re = 20000 being the Reynolds number, ν = 1.46 × 10−5 m s−2 the kinematic viscosity,
h = 0.1 m the distance between the two parallel flat walls, and ω = 2π/7 being the oscillation
p frequency. The exact
solution of the velocity distribution is known as u(0, t) = U0 exp−ηy cos (ωt − ηy) with η = ω/(2ν). With the exact
solution, the algorithm accuracy can be easily assessed.
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u(0, t) = U0 cos (ωt)
Fig. 6

A diagram of Stokes second problem.

First, XBraid-Chord is expected to maintain the fourth-order accuracy of the underlying finite-volume method,
which is verified by the convergence rates of error norms as shown in Table (1) and Table (2). The tables list the
solution error norms (L1 , L2 , and L∞ ) for six consecutive grids, with the spatial resolution (min(∆y, ∆y)) varying from
∆y = 6.25 × 10−3 m to ∆y = 1.953 125 × 10−4 m. In addition, the error reduction rates are calculated for every two
consecutive grids and clearly, both the time-sequential (Table (1)) and time-parallel (Table (2)) algorithms converge to
the fourth-order accuracy as the mesh is sufficiently refined.
Table 1
Spatial Mesh Size
162
322
642
1282
2562
5122

Table 2

Errors and convergence rate of Stokes second problem for Chord
L1 Error
2.00 × 10−7
4.10 × 10−8
5.27 × 10−9
4.48 × 10−10
3.24 × 10−11
2.17 × 10−12

L1 Rate
2.29
2.95
3.56
3.79
3.90

L2 Error
3.85 × 10−6
9.61 × 10−7
1.50 × 10−7
1.33 × 10−8
9.75 × 10−10
6.62 × 10−11

L2 Rate
2.00
2.68
3.49
3.77
3.88

L∞ Error
1.14 × 10−4
3.57 × 10−5
7.84 × 10−6
7.71 × 10−7
5.84 × 10−8
3.98 × 10−9

L∞ Rate
1.67
2.17
3.35
3.72
3.87

Errors and convergence rate of Stokes second problem for the space-time parallel algorithm

Spatial Mesh Size
162
322
642
1282
2562
5122

L1 Error
2.77 × 10−5
3.56 × 10−6
4.33 × 10−7
3.72 × 10−8
1.29 × 10−9
6.62 × 10−11

L1 Rate
2.96
3.04
3.54
4.85
4.28

L2 Error
5.32 × 10−4
7.47 × 10−5
9.98 × 10−6
9.24 × 10−7
6.20 × 10−8
3.66 × 10−9
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L2 Rate
2.83
2.90
3.43
3.90
4.08

L∞ Error
1.70 × 10−2
2.59 × 10−3
3.76 × 10−4
3.75 × 10−5
5.19 × 10−7
3.65 × 10−8

L∞ Rate
2.71
2.78
3.33
3.79
3.83

Total x-momentum

0.002

PinT
Sequential

0

−0.002

π

π
2

0

2π

3π
2

Fig. 7

[H]

Comparing total x-momentum with time-sequential and time-parallel.

Second, the coupled MGRIT-AMR algorithm is expected to maintain the conservation property. The SAMR methods
performs flux-correction to maintain single-valued flux at spatial coarse-fine interfaces to ensure the conservation.
The introduction of SAMR to the PinT algorithm should still preserve this property. Figure 7 shows the comparison
of the conserved quantity, x-momentum, between the time-sequential and time-parallel solutions. In response to the
oscillating wall, the total x-momentum in the domain varies according to the wall’s movement. As seen in the figure,
the parallel-in-time algorithm correctly tracks x-momentum over time as does the time-sequential algorithm.
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(a) Velocity profile at ωt = π/2
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(c) Velocity profile at ωt = 3π/2
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0

2

x-velocity

(d) Velocity profile at ωt = 2π

Fig. 8 Velocity profiles at the characteristic times after one iteration (time-parallel) or time interval (timesequential).
The numerical solutions at four characteristic times are compared for the time-parallel and time-sequential algorithms
against the analytic solution. We are interested in examining the solution details before and after convergence. First,
in Figure 8, is the time-parallel solution after one iteration of the MGRIT code compared to one timer interval of the
time-sequential solution. These velocity profiles are taken through the center line (x = 0) of the domain. At each
7

characteristic time, the velocity profiles already closely approximate the exact solution, though further iterations need to
be performed to reduce the error. Figure 8a and Figure 8c show profiles taken at the moment when the wall speed is
zero and the momentum of the fluid continues to push the fluid in the positive x-direction and negative x-direction,
respectively. The error is at its maximum in this high gradient region. Conversely, in Figure 8b and Figure 8d the wall is
at its maximum positive x-direction and negative x-direction speed, respectively. Again the error is mostly concentrated
in the high gradient region near the wall.
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Fig. 9
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Velocity profiles at the characteristic times after convergence.

Figure 9 shows the velocity profiles after convergence is reached in both the time-parallel and time-sequential cases.
This required four MGRIT iterations for the time-parallel case and ten time intervals for the time-sequential case. In all
characteristic times, the time-parallel and time-sequential solutions track equally well to the exact solution. The error is
still largest in the high gradient regions near the wall but is significantly lower than in the first iteration or time interval.
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Strong scaling study comparing time-sequential with time-parallel.

A strong scaling test is performed to compare the speedups obtainable by time-parallelization. A fixed problem
size is used with a 162 base spatial mesh and four levels of refinement, leading to a five level AMR and multigrid
hierarchy. Using the maximum stable time-step size on all levels leads to a total of 8960 time points on the finest
temporal grid. For the time-sequential algorithm, the spatial parallelization is increased from 1 to 256 processors. Two
different time-parallel cases were run; the first solely parallelizes the time domain while the second uses 8 processors for
spatial parallelization. The results are shown in Figure 10 for all three cases. Spatial parallelization saturates fairly
quickly with this case, the maximum speedup due to spatial parallelization occurred at 4 processors in space. When only
parallelizing the temporal domain, saturation occurs around 1024 processors and is 7.0× faster than time-sequential.
When combining space and time parallelization, saturation was reached at 4096 processors with a speedup of 13.7×
over the time-sequential case.

V. Concluding Remarks
In this study we extend MGRIT to efficient solves of time-periodic CFD problems. We treat the first and last time
point as the same time point to create periodic time grids. Additional consideration is made for the periodic time point
to provide a consistent interface to user codes. The adaptive parallel in space-time method is validated by the Stokes
second problem. The space-time parallel method maintains the fourth-order accuracy and the conservation property of
the underlying finite-volume method. The time-parallel solution reproduces the time-sequential one and both compare
well to the analytical solution. A strong scaling study shows that the time-periodic case is able to achieve significant
speedups over the time sequential case. Speedups of up to 13.7× were achieved with the tested configurations.
Future work includes additional performance tuning and load balancing that needs to be performed for time-periodic
cases. Also of interest is studying more complex fluid dynamics, for example introducing a source term and problems
with convective physics. Eventually the goal of our work is to apply these methods to LES studies of turbomachinery.
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