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This work extends the development of a multi-fluid model for plasmas in the continuum
regime by addressing a solution methodology to the electromagnetic equations. The multi-
fluid model is based on a fourth-order, finite volume method algorithm which utilizes
adaptive mesh refinement. The fluid equations and electromagnetic equations are coupled
through their source terms. For the current work, we consider traditional source terms
in Maxwell’s equations; that is, where source terms are related to the density and flux of
a single species only, electrons. To handle the mathematical over-constraint imposed by
divergence terms in the electromagnetic equations, we utilize the approach of introducing
divergence correction potentials to form a hyperbolic-only arrangement of the governing
equations. For the electromagnetic flux calculation, a Harten–Lax–van Leer contact wave
approach is used to solve the Riemann problem and resolve the discontinuity on faces.
Verification of the algorithm accuracy is provided by analyzing Lp-norms of the error for
the conservative solution variables, and validation is provided by comparing numerical
model results to analytical solutions of simplified electromagnetic wave problems. Finally,
we conclude with a discussion of the current results and a road map for future development
work on the multi-fluid plasma model.

I. Nomenclature

~∇ gradient operator, default
~∇· divergence operator
~∇× curl operator
~E electric field
~B magnetic field
~j electric current density
ρ electric charge density
ε0 permittivity of free space
µ0 permeability of free space

c speed of light
U vector of solution variables
~F tensor of hyperbolic flux terms
S vector of source terms
Φ error correction potential
Ψ error correction potential
χ error correction wave speed
λ error correction wave speed
~n outward face-normal unit vector

II. Introduction

Previously, we have laid the groundwork for a multi-fluid approach to modeling non-equilibrium, continuum-
regime plasmas.1 The algorithm is based on a fourth-order, finite-volume-method (FVM) with adaptive mesh
refinement (AMR). This method requires solving the fluid equations, for each species in the plasma, self-
consistently, with Maxwell’s equations; the fluid and EM equations are coupled through their source terms.
To date, the algorithm has been demonstrated to solve the fluid equations only, handling regions of high
energy (temperature) and strong spatial gradients - conditions often found in plasmas.

The current work extends the existing algorithm, applying similar discretization and numerical-stabilizing
methods to solve the electromagnetic equations. This paper begins with a description of the governing
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equations, and then we discuss details of the numerical model. Next, accuracy of the method will be verified,
and we will provide some validation examples for various test problems. Finally, we will discuss conclusions
and future work.

III. Governing Equations

As the name suggests, the multi-fluid plasma model solves for the transport and evolution of each particle
species separately (though coupled). When more than one species exist in the model, source terms for the
electromagnetic equations become an amalgamation of multiple charge and current density values from all
species in the domain. However, for the sake of simplicity, we focus here on the classical treatment of
Maxwell’s equations, where the charge and current densities at any point in the domain are represented by
single terms. In other words, we consider a single species in this present work: electrons.

III.A. Classical form

A classical representation of Maxwell’s equations is as follows:

ε0µ0
∂ ~E

∂t
= ~∇× ~B − µ0

~j, (1)

~∇ · ~B = 0, (2)

∂ ~B

∂t
= −~∇× ~E, (3)

~∇ · ~E =
1

ε0
ρ, (4)

where ~B is the magnetic field, ~E is the electric field, ~j is the electric current density, and ρ is the electric
charge density.

III.B. Hyperbolic-only formulation

The divergence relations imposed by Eq. (4) and Eq. (2) over-constrain the problem and can result in
numerical error or instability. There are multiple approaches to handling this over-constraint. The method
used in the current work involves introducing divergence correction potentials to form purely hyperbolic
equations,2–7 which take the following form

ε0µ0
∂ ~E

∂t
− ~∇× ~B + χ∇Φ = −µ0

~j, (5)

ε0µ0

λ

∂Ψ

∂t
+ ~∇ · ~B = 0, (6)

∂ ~B

∂t
+ ~∇× ~E + λ∇Ψ = 0, (7)

1

χ

∂Φ

∂t
+ ~∇ · ~E =

1

ε0
ρ. (8)

Ψ and Φ are included as correction potentials, used to absorb any divergence errors. The dimensionless,
positive, constants λ and χ determine the speed at which the divergence errors propagate out of the problem
domain; they are scalar multipliers on the wave speed of the electromagnetic wave propagation (i.e. the
speed of light, c = 1/

√
ε0µ0). These constants are set to values slightly greater than one in order to convect

error out of the domain faster than the information wave speed without significantly increasing numerical
stiffness.2,5, 7
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III.C. Normalized equations

The magnetic field ~B and electric field ~E are related through the electromagnetic properties of permittivity
(ε0 = 8.85 × 10−12 F/m) and permeability (µ0 = 1.26 × 10−6 H/m. Because these are very small numbers,

the quantities of ~B and ~E can differ by many orders of magnitude. To mitigate the risk of numerical
overflow/underflow, we follow a similar approach to Yan and Jin,7 electing to normalize the governing
equations by the speed of light, c = 1/

√
ε0µ0. The normalized (and simplified) quantities are as follows,

where the original variable is denoted with superscript ”o”:

~E = ~Eo ~B = c ~Bo ρ =
ρo

ε0
~j = µ0 c ~j

o (9)

Now, the purely-hyperbolic, electromagnetic equations can be re-written in terms of the normalized quanti-
ties. For the remainder of this paper, we refer to these normalized quantities and equations.

∂ ~E

∂t
− c~∇× ~B + cχ∇Φ = −c~j, (10)

∂Ψ

∂t
+ cλ~∇ · ~B = 0, (11)

∂ ~B

∂t
+ c~∇× ~E + cλ∇Ψ = 0, (12)

∂Φ

∂t
+ cχ~∇ · ~E = cχρ. (13)

III.D. Conservative form

For the convenience of algorithm implementation, the aforementioned electromagnetic equations — Eqs. (10)
– (13) — can be written in conservative form, arranged in the following convention:

∂U

∂t
+ ~∇ · ~F = S. (14)

U is the vector of solution variables, ~F is a dyadic tensor of hyperbolic flux terms, and S is a vector of
source terms. In three-dimensional Cartesian coordinates, using the hyperbolic-only formation of Maxwell’s
equations, the solution vector U is arranged as follows:

U = [Ex, Ey, Ez,Ψ, Bx, By, Bz,Φ]
T
. (15)

The flux dyad in 3D, based on the normalized equations described in Section III.C is

~F =





cχΦ

cBz

−cBy

cλBx

cλΨ

−cEz

cEy

cχEx



,



−cBz

cχΦ

cBx

cλBy

cEz

cλΨ

−cEx

cχEy



,



cBy

−cBx

cχΦ

cλBz

−cEy

cEx

cλΨ

cχEz





, (16)
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and the source vector takes on the following form:

S = [−cjx,−cjy,−cjz, 0, 0, 0, 0, cχρ]
T
. (17)

As described earlier, when the electromagnetic equations are fully integrated into the multi-fluid plasma
model, the charge and current density terms in the source vector become summations of the values from
each fluid species; for example

S =

[
−c
∑
α

qαjαx
,−c

∑
α

qαjαy
,−c

∑
α

qαjαz
, 0, 0, 0, 0, cχ

∑
α

qαnα

]T
, (18)

for each charged species, α, in the domain. In this case, jα terms represent the number density flux of species
α, and nα is the number density.

IV. Numerical Method

The computational framework for the present work is Chord,8–13 our in-house CFD code. Chord is a
fourth-order accurate, highly-parallelizable, finite-volume method algorithm, featuring adaptive mesh re-
finement (AMR) based on the Chombo library. Chord is designed to achieve high-performance, accurate
solutions to problems involving complex physics, multi-scale behavior, and discontinuities such as turbulence,
shocks, combustion, or plasmas. Chord ensures freestream preservation and enforces stability constraints.
Chord also utilizes the loop chaining concept for significant improvement in code performance on parallel
machines.

IV.A. Finite volume method

Finite-volume methods are well-suited for problems with discontinuities; the spatial discretization satisfies
a discrete form of the divergence theorem, providing for a conservation-preserving solution in time. The
solution-stabilizing and conservation-preserving nature of the FVM has been shown to be an accurate and
efficient tool for solving the electromagnetic field equations.4–6,14,15 Furthermore, the high-order finite-
volume method has the ability to produce solutions for non-discontinuous problems much faster than low-
order schemes, to the same level of accuracy. Also, high-order methods increase computation per unit
memory, allowing for better use of current computer architectures.

For a finite-volume method on Cartesian grids, cell centers are marked by the points (i0, ..., iD−1) = i ∈
ZD and the faces by i± 1

2e
d, where ed is a unit vector in direction d. We start by integrating Eq. 14 over a

control volume, V :

∂

∂t

∫
V

U dV +

∫
V

(
~∇ · ~F− S

)
dV = 0 . (19)

Applying Gauss’s divergence theorem to Eq. 19 over the control volume of cell i, results in the following,
semi-discrete form,

d〈U〉i
dt

=− 1

∆xd

D−1∑
d=0

(
〈~F〉i+ 1

2e
d − 〈~F〉i− 1

2e
d

)
+〈S〉i. (20)

Now we have a system of ordinary differential equations (ODEs), where the integrals from Eq. (19) are
represented by averages, 〈·〉. To solve the system of ODEs, the spatial terms on the right hand side are
evaluated, then the ODEs are evolved in time using standard, 4th-order, Runge-Kutta time marching.

IV.B. Flux calculation

The order of accuracy for a FVM is dependent on the spatial discretization scheme used to compute fluxes
on the bounding surfaces of the control volume. Chord uses a fourth-order, center-differencing method for
reconstructing the face-averaged quantities and the face-averaged gradients and thus for hyperbolic and ellip-
tic flux evaluation. The hyperbolic flux is then evaluated based on the upwind scheme by solving a Riemann
problem at each cell face. A piecewise parabolic method (PPM) limiter, as modified by McCorquodale and

4 of 12

American Institute of Aeronautics and Astronautics



Colella,16 is used in the present implementation of Chord. Additionally, a slope flattening algorithm and
optional, artificial viscosity can be added to the solution procedure to handle cases with sharp discontinu-
ities or in cases were only inertial (hyperbolic) physics are being solved. For more detail on the spatial
discretization, interested readers are referred to previous publications on Chord .8–13

Due to the numerical quadrature, each control volume in a domain has a unique approximation of 〈U〉
and thus distinct values of flux 〈~F〉 on either side of each face. To resolve these discontinuities, a solution to
the initial value problem – based on the electromagnetic fluxes – needs to be determined for each face. As a
starting point, we consider a Harten–Lax–van Leer contact wave (HLLC) method to approximate a solution
to the Riemann problem (initial value problem).15,17,18 In an improvement to the HLL scheme, the HLLC
method restores the full wave structure inside the Riemann fan by replacing the single averaged state of the
HLL scheme with two approximate states, U∗L and U∗R. These states are separated by a contact wave in the
middle, which is assumed to have a constant speed. The solution on the x/t = 0 axis is written as:

U (0, t) =


UL if λL ≥ 0,

U∗L if λL ≤ 0 ≤ λ∗,
U∗R if λ∗ ≤ 0 ≤ λR,
UR if λR ≤ 0,

(21)

where λL is the minimum characteristic wave speed, λR is the maximum wave speed, and λ∗ is the contact
wave speed. Consequently, the corresponding fluxes within each control volume are:

F (0, t) =


FL if λL ≥ 0,

F∗L if λL ≤ 0 ≤ λ∗,
F∗R if λ∗ ≤ 0 ≤ λR,
FR if λR ≤ 0.

(22)

The wave speeds for the electromagnetic physics are determined by solving for the eigenvalues of the flux
Jacobian, ∂F/∂U, and are written as

Λ = [−λc, λc,−χc, χc,−c,−c, c, c]T , (23)

In a homogeneous medium, one can assume continuity of every conserved electromagnetic variable across
the cell interface (contact wave). As previous authors have noted, the assumption of interfacial continuity
for all conserved variables results in the HLLC fluxes reverting into the Godunov flux equations.7,18 This is
the approach we have used in the current work because it suffices for the simple, single-medium test cases
considered in this paper. However, the full, HLLC Riemann solver algorithm is retained for future work
involving domain discontinuities and heterogeneous medium.

IV.C. Boundary conditions

Boundary conditions are required to properly define the numerical domain. A well-posed boundary condition
approach takes into account the direction of wave propagation and the theory of characteristics. Our approach
involves prescribing artificial or ghost states outside the domain boundary and using the Riemann solver to
resolve the discontinuity between the interiorly-interpolated state and the exteriorly-prescribed state. Two
commonly used boundary conditions for the electromagnetic equations are examined, remembering that our
notation at this point involves the normalized electromagnetic quantities and equations.

IV.C.1. Perfect electric conducting (PEC)

On a surface with perfect electrical conduction, there are no transverse electric fields, and thus, the normal
component of the magnetic field is also zero. Furthermore, because we desire the divergence cleaning poten-
tials to propagate error out of the domain, the boundary conditions for these values need to be prescribed
accordingly. A Neumann type boundary condition is utilized for the scalar potential Ψ because a Dirich-
let boundary is incompatible with the characteristic theory.5 Written numerically, the definition of a PEC
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boundary is

~n× ~E∗ = 0, (24)

∂Ψ∗

∂n
= 0, (25)

~n · ~B∗ = 0, (26)

Φ∗ = 0, (27)

where the terms ~U∗ and U∗ refer to the state on the boundary face and ~n is the outward normal unit vector
at the face. Accordingly, the exterior ghost states for the PEC boundary on a Cartesian mesh are

E+
x

E+
y

E+
z

Ψ+

B+
x

B+
y

B+
z

Φ+



=



E−x

−E−y
−E−z
Ψ−

−B−x
B−y

B−z

−Φ−



(28)

where the superscripts + and − refer to the faces outside and inside the domain, respectively.5,7

IV.C.2. Silver-Müller absorbing boundary condition (ABC)

To artificially truncate the domain without reflecting parasitic information to the interior, a Silver -Müller
absorbing boundary condition is employed.(

~E∗ − ~B∗ × ~n
)
× ~n =

(
~Einc − ~Binc × ~n

)
× ~n, (29)

∂Ψ∗

∂n
= 0, (30)

Φ∗ = 0, (31)
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where ~Einc and ~Binc are given fields along the boundary. The computation method of the ABC boundary
is the same as the PEC boundary, but with different prescribed, exterior ghost states

E+
x

E+
y

E+
z

Ψ+

B+
x

B+
y

B+
z

Φ+



=



Eincx

Eincy

Eincz

−Ψ− +
(
~Binc − ~B−

)
· ~n

Bincx

Bincy

Bincz

−Φ− +
(
~Einc − ~E−

)
· ~n



. (32)

IV.D. AMR

AMR adjusts the mesh-resolution in response to the solution, increasing resolution in regions where the
solution characteristics are discontinuous or feature strong gradients, and coarsening the mesh in quiescent
regions to improve computational efficiency. Chord handles complex geometry by mapping structured grids
in physical space to Cartesian grids in computational space. Cartesian grids are efficient, logistically simple,
facilitate the use of AMR, and have well-understood solution accuracy properties. Interested readers are
referred to previous publications on the implementation of AMR in Chord .10,19

V. Numerical Results

To verify the accuracy of our algorithm, and to validate the code against previous literature, we chose
test cases with exact, analytical solutions. A three-dimensional, plane-polarized wave case is used to examine
the stability and order of accuracy of our algorithm, and a transverse magnetic (TM) wave problem is used
to assess the robustness of our implementation of a PEC boundary condition.

V.A. Three dimensional plane-polarized electromagnetic wave in vacuum

In this problem, a plane-polarized electromagnetic wave propagates across a three dimensional, vacuum
domain with Cartesian coordinates [0.0 m, 1.0 m] in each direction as illustrated in Figure 1. Periodic
boundary conditions are used so the accuracy of the 4th-order interior scheme can be verified. The exact,
electric and magnetic fields are given by the following equations:20

~E (x, y, z, t) = cos
[
2π
(
x+ y + z − c

√
3 t
)](

0x̂− 1√
2
ŷ +

1√
2
ẑ

)
(33)

~B (x, y, z, t) = cos
[
2π
(
x+ y + z − c

√
3 t
)](√2

3
x̂− 1√

6
ŷ − 1√

6
ẑ

)
(34)

where x̂, ŷ, and ẑ are the components of the ~E and ~B vectors in directions x, y, z. The test case was run
over a range of mesh sizes, all to a final time of 1.2 ns. At the end of each simulation, the numerical solution
was compared to the exact solution. The corresponding errors are evaluated using L1, L2, and L∞ norms.
Figure 2 shows the rate of error reduction with increasing mesh size; clearly, the slopes converge towards
-4.0, verifying the fourth-order algorithm. Further, Table 1 lists the data for Figure 2, including the sequence
of grids used, the error norms for both electric and magnetic field components, and error reduction rates
between two consecutive mesh sizes.
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Figure 1: Three plane contour plot of variable
Ez from the 3D electromagnetic wave test case,
at time 1.2 ns.
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Figure 2: Grid convergence rate for variables Ez
and Bz from the electromagnetic wave test case,
at time 1.2 ns.

Table 1: Numerical values of the electromagnetic solution errors for the 3D plane-polarized electromagnetic
wave test case at time 1.2 ns. The computed convergence rates are computed between consecutive grid
resolutions, demonstrating the 4th-order accuracy of the algorithm.

L norm 163 rate 243 rate 323 rate 403 rate 483 rate 643

Ey

L1 1.25E-03 -3.67 2.83E-04 -3.73 9.69E-05 -3.99 3.98E-05 -4.19 1.85E-05 -4.09 5.71E-06

L2 1.39E-03 -3.67 3.14E-04 -3.72 1.07E-04 -3.98 4.42E-05 -4.19 2.06E-05 -4.09 6.34E-06

L∞ 1.96E-03 -3.68 4.40E-04 -3.71 1.52E-04 -3.98 6.24E-05 -4.19 2.91E-05 -4.09 8.96E-06

Ez

L1 1.25E-03 -3.67 2.83E-04 -3.73 9.69E-05 -3.99 3.98E-05 -4.19 1.85E-05 -4.09 5.71E-06

L2 1.39E-03 -3.67 3.14E-04 -3.72 1.07E-04 -3.98 4.42E-05 -4.19 2.06E-05 -4.09 6.34E-06

L∞ 1.96E-03 -3.68 4.40E-04 -3.71 1.52E-04 -3.98 6.24E-05 -4.19 2.91E-05 -4.09 8.96E-06

Bx

L1 1.45E-03 -3.67 3.27E-04 -3.73 1.12E-04 -3.99 4.60E-05 -4.19 2.14E-05 -4.09 6.60E-06

L2 1.60E-03 -3.67 3.62E-04 -3.72 1.24E-04 -3.98 5.10E-05 -4.19 2.37E-05 -4.09 7.32E-06

L∞ 2.26E-03 -3.68 5.08E-04 -3.71 1.75E-04 -3.98 7.20E-05 -4.19 3.35E-05 -4.09 1.04E-05

By

L1 7.24E-04 -3.67 1.63E-04 -3.73 5.59E-05 -3.99 2.30E-05 -4.19 1.07E-05 -4.09 3.30E-06

L2 8.02E-04 -3.67 1.81E-04 -3.72 6.21E-05 -3.98 2.55E-05 -4.19 1.19E-05 -4.09 3.66E-06

L∞ 1.13E-03 -3.68 2.54E-04 -3.71 8.75E-05 -3.98 3.60E-05 -4.19 1.68E-05 -4.09 5.18E-06

Bz

L1 7.24E-04 -3.67 1.63E-04 -3.73 5.59E-05 -3.99 2.30E-05 -4.19 1.07E-05 -4.09 3.30E-06

L2 8.02E-04 -3.67 1.81E-04 -3.72 6.21E-05 -3.98 2.55E-05 -4.19 1.19E-05 -4.09 3.66E-06

L∞ 1.13E-03 -3.68 2.54E-04 -3.71 8.75E-05 -3.98 3.60E-05 -4.19 1.68E-05 -4.09 5.18E-06
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V.B. Transverse magnetic wave

Another class of electromagnetic test cases with exact solutions are the various waveguide modes: transverse
magnetic (TM), transverse electric (TE), and transverse electromagnetic (TEM). In particular, a TM wave
simulation considered in previous literature5 provides a relevant validation test for our current work. In this
test case, a rectangular, two-dimensional plane represents a cross-section of a waveguide. The domain size
is Lx = 80 m and Ly = 40 m. The wavenumbers are given by

a =
mπ

Lx
b =

nπ

Ly
, (35)

where m = 8, n = 5. The net wave travels in the z direction, oscillating at the cutoff frequency, ω. The
exact solution for this problem is given by equations Eqs. (36) – (38),

Ez = <(E0 sin(ax) sin(by)e−jωt), (36)

Bx = <(−j b
ω
E0 sin(ax) cos(by)e−jωt), (37)

By = <(j
a

ω
E0 cos(ax) sin(by)e−jωt), (38)

where < denotes the real component of the complex expressions, j is the imaginary unit, and E0 is the initial
electric field value (1 V/m in our test case).

The TM wave problem is modeled with PEC boundary conditions and initialized using the analytical
solution data at time t = 0. The divergence cleaning potentials are both initialized to zero. The wave speed
scalars used on the divergence cleaning potentials Ψ and Φ are λ = 1.0 and χ = 0.0, respectively. The
solution is advanced in time using a CFL number of 0.8.

The scalar electric field, Ez oscillates in time according to the analytical solution and numerical damping
of the magnitude is minimized by the 4th-order algorithm as shown in Figure 3. Line samples of the simulation
results at 75 ns compare well with the exact solution, as shown in Figure 4, and are also consistent with
higher-order, numerical methods used in previous literature.5 As the solution advances in time, the initial
electric field gradients drive the evolution of rotating magnetic fields (Figure 5). The shape and magnitudes
of the magnetic fields are symmetric and also appear to free from adverse affects from the physical boundary.
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Figure 3: Transverse magnetic wave solution for scalar electric field Ez with m = 8 and n = 5, at solution
time 75 ns on a 64× 32 mesh.
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Figure 4: Comparison of numerical results for the TM wave calculation on a 64× 32 mesh, with m = 8 and
n = 5, at solution time 75 ns. Left plot shows Ez at y = 20[m] and right plot shows Ez at x = 25[m]. The
numerical results (black marks) show good agreement with the exact solution (solid lines).
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Figure 5: Transverse magnetic wave solution for magnetic field ~B with m = 8 and n = 5, at solution time
75 ns on a 64× 32 mesh.

VI. Concluding Remarks and Future Work

In the present work, we have constructed a three-dimensional, finite-volume solver for the equations of
electromagnetic wave propagation. We utilize the technique of including additional degrees of freedom in the
electromagnetic equations to account for errors in the divergence terms, which also allows for the differential
equations to be represented in a purely hyperbolic form. The algorithm is 4th-order accurate in both space
and time. We leverage the PPM limiter during reconstruction of the cell face values.16 An HLLC-type
Riemann solver is used to resolve the discontinuities at the cell faces, including boundary faces, and compute
the flux. A simplification of the HLLC solver can be preformed if one assumes continuity of all conserved
variables across the cell interface - an assumption we have made initially, to facilitate verification of our
algorithm.

We have verified fourth-order accuracy and validated the code against a plane-polarized, three-dimensional
wave propagation problem as well as a transverse magnetic wave problem, both of which have exact solu-
tions. Both test cases involve homogeneous vacuum domains with either PEC or periodic type boundary
conditions.

Our next steps will include further exploration of the use and effects of divergence cleaning potentials
on solution accuracy and computational efficiency. Additionally, we are working on including the capability
for problems with heterogeneous media. AMR will be particularly well suited to handle the gradients
and discontinuities which are expected to form at interfaces between cells with disparate electromagnetic
properties. Furthermore, we seek to improve the accuracy of the existing boundary conditions, as well as
implement other, common, electromagnetic boundary types.

Long-term, we plan on implementing grid mapping to handle non-Cartesian meshes and geometry. Ulti-
mately, we will couple the electromagnetic solver into the previously-discussed, multi-fluid plasma code we
are developing.1
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